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Abstract

We employ avariationof multivariateor nonlinearstateestimationtechniques
(M/NSET) in orderto approximateanonlineamappingfrom oneEuclidearspace
into another Potentialapplications are approximatingthe implicit and inverse
functiontheoremsapproximatinga chartof a manifdd and,designingsurrogte
models.
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1 Intr oduction

Themultivariateandnonlineaistateestimatiortechnique$M/NSET)[1, 4] aremethods
for determiningf agivenobserationisin atargetset! " R". Whatthey attemptto
dois modeltheidentity mappingon! usingsamplesrom! . So,for eachx # ! , we
wantto construcia functionsuchthatf(x) $ x, thatis,f $ id, . Thenwe canusethe
residualdf(x) & x%to determindgf x # ! or not.

Here we look at extendingM/NSET to the following case: insteadof trying to
approximated : ! ' !, wewantto approximatenoregeneralnonlinearmappings
f:1 ' " ,where" " R™. Specibecexamplesthatwe have in mind for this areto
approximatahe fundionsarisingout of animplicit or inversefunction. So,we could
try to approximatehe! (y) suchthat

fly,!'(y)) = 0 (1.1)
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or, theg(y) suchthat
(g(H(x) = x. (1.2)

We canuse(1.1)to, e.g.,put (approximate)ocal coordinatechartson a manifold M
wherey is anelemenbf thetangentspacely M atx # M .

Ourpapelis organizedasfollows. In Sedion 2 we give anoverview of thestandard
M/NSET and stateour variaion. Section3 is devoted to an investigation of the
geometryof thealgorithm. We give someexamplesin Sectiord. A discussiorfollows
in Sectionb.

2 The M/NSET variation

StandardM/NSET [1, 4] attemptsto approximatethe identity mappingid, on some
set! . In orderto do this, onestartswith a samplingof pointsx; # ! andformsthe

matrixX = [xq,...,Xpn ]. Then,with this X we dePneourapproximatiorto id, as
k = X(X) X)YX) x) (2.1a)
= i (x), (2.1b)

wheretheoperation) is samesymmetricfunctionactingonthecolumnsof X . So,for
instancewe couldtake

o & x; %

X) X))y = 1& —M——,
( ) )IJ Ofx; % + o/ij%

(2.2)

which is the standardMSET operation. Note in particularthatx; = id, (x;) for
x; # X regardlesof thedebnitionof (X ) X).

A simplegeneraizationof thismethods to have theimageof ourmappingoesome
otherset" . Sonow we aretrying to approximatesomenonlineamappingf : ! ' "
Foreachx; # X " ! wewill have acorrespodingimagepointy; = f(x;) # " . We
cancollectall of theseimagepointsinto thematrixY = [y1,...,yn ]. Then,instead
of (2.1),we will have themapping

% Y(X) X)) YX) x) (2.3a)

f(x), (2.3b)

wherewe have thaty; = £(x;).

Notethatit is fairly easyto updatethe algorithmby appending/deletingolumns
to/from X andY. Thiswill be equivalent to updatinga QR factorization[3]. Now
we( look at the geometryof thealgorittm in alittle moredetail.



3 The geometryof the algorithm

To bagin exploring the geometryof our M/NSET variation,let us begin by using the
QR decompositiorof (X ) X) to have

(X) X) = QR. (3.1)

Then,(X ) x) = QRy and,in particular (X ) x;) = QRe;j, wherex; # X ande; is
astandardasiselementof R". Sowe have that,see(2.3),

Y(X) X)YX) x) = Vy. (3.2)

The outputof our mappingis simply a linear combinationof the cdumnsof Y where
the particularcombinationdepend®on how we debPnethe) operation.

The) operatiorshouldideallyemphasishosevariationsin x thatleadto variaions
in f(x). An extremecases givenby thefunction

f(x,y) = x2 (3.3)
Wewanttodesigna) thatonly depend®nvariationsin x. For example,we coulduse
%% = |x| (3.4)

in (2.2)insteadof %x%.

Now, let us specializeour procedureo the casewhere(x ) y) = d(% & y%),
where

W&yR = (x&y) A(x&Yy) (3.5)

and, d(x) is someappropriatelychosenfunction, e.g., d(x) = exp(&x). We are
splitting thedeterminatiorof ) into two steps.First,thematrix A is picking ourthose
variationsof x thatareimportantfor changesn our functionf(x). Thefunctiond(x)

is determiningwhat length scaleis important. So, if d(x) is highly peeled around
x = 0, only nearbyneighborsareimportantfor determiningthe outputof ¥(x), see
(2.3). A Ratterd(x) allows furtherneighborgo have agreateiinl3uencen determining
thevalueof £(x). We couldevenhave the situationwhere, e.g.,

di(x) ,0* x* 1

dx) = gy xs 1 (3.6)

and/or A is dependenbn the separatiorof x andy i.e.,A = A(% & y%).

4 Someexamples

Ourbprstexampleis usingNSETto approximateheabsolutevaluefunctionf (x) = |x|.
Herewe let

(X)) X)i = exp(&|xi & x;|). (4.1)
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Figurel: The|x| NSETinterpolationexample

We randomlychoose50 pointsuniformly distributedin [&1, 1] asour samplepoints.
Then20new pointswerealsorandomlychoserin [&1, 1]. Weranthesepointsthrough
our NSET operatorto Pndthe interpolation. The resultsareshowvn in Figurel. The
averagerelative errorwas4.94% The averageabsolutesrrorwas.0017.

Our next examplewill useNSET to approximatethe sin' *(x) function. We still
use(4.1) asour debnitionof ) . Herewe took 50 randomlychosenpointsuniformly
distributedon [&"/2," /2]. Thes providedthe Y for (2.3a). The X wasgiven by
the sineof thesepoints. To testthe NSET operatoy 20 pointswhererandomy chosen
from[&" /2," | 2]. Thesineof thesepointsweretheinputto the NSET operator The
averagerelative errorwas.51%and,the averageabsoluteerrorwas.0071 Theresults
areshowvn in Figure?2.

Our Pnalexanple will be placinganapproximatecoordinatecharton a manifold.
As above, we took 50 randomlychosenpointsuniformly distributedon [&" /2," / 2].
Thesewill bethe X matrixfor (2.3a)using(4.1)andwill placelocalcoordinate®nthe
unit circle. Our Y matrix will consistof the pointsin R? givenby [ sin(x) cogx) ]".
We thenchoose20 randompointsfrom [&" / 2," / 2] and,usedNSET to approximate
themappingto theunit circle. Theresultsareshovn in Figure3. The averagerelative
errorof the mappingwas.39%
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Figure2: Thesin' 1(x) NSETinterpolationexample

5 Discussion

Wedle denonstratedhatM/NSETcanbeusefullyemgoyedfor approimatingimplicit
andinversefunctiors. This extensionof the standardi/NSET is obtainedby simply
allowing theimageof our mappingto differ from therange comparg2.3a)with (2.1a).
In thiswaywearenolongerconcerneavith trying to approximateheidentity mapping
on our setof interest. We have alsoseenthat the extendedM/NSET canbe usedto
placelocal coordinatechartson manifolds.

Weimaginethatthechartingprocedurautlinedherewill beusefulforimplementing
theLipschitzimplicit andinversefunctiontheoremsasneededy, e.g. thedirectsearch
methodsin [2]. Herethe M/NSET variationwill provide a surrogate modelfor the
implicit mappingfrom the tangentspaceof a manifold to the manifold. Theseinitial
guessesanthenberebnedoy numericallyimplementinga Lipschitzimplicit function
theorem.As our samplingof the manifoldbecomedetter we canupdatehe X andY
matricesto have a bettersurrogatefor theimplicit function.

The M/NSET variationcouldalsobe useful for moregenerakuriogatemodelg[5].
We would beableto easilyupdateour surrogatewhenmoreinformationaboutthetrue
function becomesvailable. This updatecould be doneby adding/deletingcolumns
to/from X andY and/or modifying thedepnitionof ) .
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Figure3: Theunit circle NSETcharting example
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